Cells can be regarded as systems that utilize changes in thermodynamic entropy as information. Therefore, they serve as useful models for investigating the relationship between entropy production and information transmission, i.e., signal transduction.
Introduction
Information transmission in the cell, which is generally termed 'signal transduction' in the field of molecular biology, consists of biochemical reaction cascades to elicit cellular responses to stimuli from the external environment. The term transduction implies that the biological information is transmitted through the cascade of a variable number of biochemical reactions. Computational systems biology, which simulates a subset of known interactions between proteins that carry biological information (i.e., signaling molecules) using their kinetic equations, is effective in describing network of reaction cascades (1) . Despite progress from computational studies, it is extremely difficult to represent entire systems in cases that include complex, non-linear interactions or to elucidate unknown interactions along with their biological functions from the overall network. The aim of this study is to provide a theory for the quantification of signal transduction that allows for the differentiation between non-specific fluctuations and a bona fide biological signaling event, and for comparing signal transduction cascades on the basis of information theory and the fluctuation theorem (FT)(2).
Specifically, signal transduction was experimentally investigated by kinetic analysis of biochemical modification/de-modification reactions, which can comprise a signaling cascade, that regulate the concentration of signaling molecules over time following extracellular stimulation. One type of protein modification/de-modification reaction is the phosphorylation/dephosphorylation cycle (3, 4) . Reactions of receptors distant from the nucleus and those near the cell surface were found to occur relatively slowly (3) (4) (5) (6) (7) (8) (9) (10) (11) . These reactions are referred to as distal reactions. In contrast, reactions occurring closer to the cell nucleus that are shared by many signaling cascades occur more rapidly, and are immediately followed by de-modification reactions to return to the pre-stimulus state. These reactions are referred to as proximal reactions. Considering that proximal reactions are generally more frequently utilized in the whole signal transduction system, reactions that are more proximal have a shorter period. This observation suggests that cellular signal transduction systems apply an effective way of coding that utilizes the signaling molecule as a symbol in reference to Brillouin's discussion (12) . Then, we made the following important assumption: "cellular signaling systems perform encoding such that the bit count per signaling molecule is at its minimum for a given condition." In contrast, from the perspective of robustness, biological signaling may be allowed to activate multiple signaling cascades in response to an external stimulus via a receptor on the cell surface. In an actual biological signaling cascade, the initial stimulus onto the cell triggers the receptor that subsequently activates multiple signaling cascades consisting of biochemical modifications of a signaling molecule. In particular, the signaling molecule may be an enzyme that is also a substrate in the previous reaction of the cascade. Accordingly, biological signaling cascades are a chain reaction of substrate-enzyme reactions. Herein, the specificity of the enzymatic reaction, i.e., the lock-and-key theory, is considered essential for compatibility with coding optimization and robustness employing multiple biological signaling cascades. A model signaling cascade is considered next. (Figure 2 ). Given the number of signaling molecules at the k th -reaction, Λ k , and taking the appearance frequency at the j th -reaction
within the k th -signaling cascade, the combined signaling events are expressed as Ψ k and Ψ, respectively:
using Stirling's formula to derive [2] .
Here,
The time required for each step is τ jk . Using the probability p jk , the total duration, τ k , is obtained using the following equation:
To take Ψ to its maximum, [2] , [3] , and [4] are used for the maximum number of the k th -cascade with the parameters, α k and β k , being independent of the step number j:
Taking the differential of [2] gives:
Substituting [5] into [6] gives:
If dΛ k and dp jk are treated as independent variables:
Substituting [8] into [9] gives:
To satisfy [10] :
Thus, the following equations are obtained from [9] and [11] :
and
Here, an important conclusion is obtained that β k is unrelated to the step number, j. This equation is equivalent to that previously derived by Brillouin (12) . Consequently, it is possible to make an assessment of signal transduction from the perspective of encoding efficiency.
Transitional probability and application of the FT
According to the lock and key relationship in enzymatic reaction, the individual transitional probability from j to the j+1 th -step is equivalent to 1. Here, the transition probability is related to the total number of cascades. The total transition probability represents the probability that the signal is transmitted to the j th -step and to the j+1 th -step using diffusion coefficients of the j th -step and the j+1 th -step signaling molecules within the k th -cascade, D jk and D j+1, k as follows:
In above, the transitional probability is given by Fick's law. Here, the diffusion process is assumed to be the rate-limiting step of the cascade. Subsequently, using the FT (2) regarding the probability between the signal orientation and inverse orientation, the following is obtained: [16] Here, the entropy production rate for transduction of the j th -step to the j+1 th -step represents the average rate of entropy production during the interval τ j+1;j, k . Δs j+1; j,k denotes entropy production during τ j+1;j,k that encodes length (corresponding to the time required from the initiation of the signaling molecule modification to the end of the reaction) in the k th -cascade.
Here substituting [14] into [15] , the following is obtained:
Because the distance between j th -and j+1 th -steps is:
Simplifying [17] gives using [18] :
Substitution of [12] into [19] gives
and rearrangement gives:
In an actual signaling cascade, the diffusion coefficients of signaling molecules are similar; therefore, the left side is nearly equivalent to zero when τ j+1;j, k is sufficiently longer and because τ j; j+1,k << τ j+1;j, k ,
As a result, a simple result is obtained:
Thus, an important conclusion is reached, whereby the average entropy production σ j; j+1,k is fixed and is independent of the step number, j. The entropy production rate can be a valuable measure for the quantification of intracellular signal transduction.
When the entropy production rate is independent of the step number, the cascade is the most effective signaling cascade among the observed cascades.
The average information entropy
The average information entropy of the k th -cascade, the Shannon's entropy i k , is then given using [4] :
Where the maximum amount of transmitted information, i.e., the channel capacity, I k , is:
In this way, in non-equilibrium states that are not differentiable from the equilibrium state as described by the FT, a signaling cascade between signaling molecules can be established that satisfies equations [23] to [25] by measuring the duration of the reactions that are sequentially altered within a complex network.
Discussion
According to , when the feedback system of the biochemical reaction is given, the work that can be retrieved, W k , is limited by the mutual information or the channel capacity, I k , and the free energy change ΔF k in the k th -cascade as described below.
Here, T is the temperature of the cellular system and k B is the Boltzmann constant. (13) (14) (15) (16) (17) . Therefore, the conclusion from equation [26] suggests that the Szilard engine may be used as a model of biological signaling cascades. Further discussion and validation will be required in the future. 
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